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1. SUMMARY ARD INTRODUCTTION

Some inequalities on the charsoteristic roots of positive definite
matrices and of mafirices derived from them are obtained, Some of these
are gensralizations of results of Hoy (i9c:) which give upper and lower
bourds on 211 the roots of the product of two positive definite matrices
mumsofthemﬁmnmﬂthemmmmmtsptthommmmm.
These varicus results are found to bo useful in the study of statistical
problesta ecncerviing the normal mnltivariate distribution, and thes aunthore
hope that they might be useful in other mathematieal statistiss investigt.
tions alse,

2, DOUNDS ON CHARACTERISTIC ROOTS

The rosults are basod on the following theoren fyom Courant and
Hlbert (1953, p. 31)3

Theoxem 2,1 For any symuetric matrix A of order p 2ud for any
21 (1<1<p) columveetors o, (=1, ooy 4n1)
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Heve ﬂ!,_(k)?_ ebz(A)z...?. °hp (A) are the charecteristic
roots of A,



lemma 2,1 let A be a symmetric matrix of order p, and B be a

positive dofinite matrix of order p . Then for any i-1 (1<1i <p)

column vectors oK, (j =1, ..., 1=1)

J

mx  ZEE > o (vl (2.2)
x'Bx

=! 043 =Q

j = 1, LER R 14-1

Proof. Thers exists a nonsingular matrix T such that B = TiT,
Then (2.2) is identical to

nax Y“fiV 2 coh, (), {2.3)
vy
yﬂ pj = Q0

j = 1’ ey i"l

where y = Tx , E= (T0)"L arl, By = ()" A, , and en, (AFY) =

j ?
chi [AI"J‘ (Ta)"lj = °h1 (E) . The lomma now follows from Theorem 2,1

and the fact that (2.3) is equivalent to (2.1).

Theorem 2,2 let A _be a symmetric matrix of order p, anilet B

Aapd C Dbe positive definite matrices of order p. Then for any
1(l<i<p

chy, (AF) < by (AC7Y) emy (0B (2.4)
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-1 -1 -l
chy yey (ABTD) 2eh, iy (AC™D) chy ) (CB™) (2.5)
for j+k<i+l,

Proof. Let °<1’ evey o 1 be the first J.1 characteristic vectors

e —— j‘.
of A in the metric of C, that s, A, =ch (AC"™)) Ce , and
let O(j, ores 0(;3 +k.p De the first k-1 characteristic vectors of ©
- . < = -1 1
in the met:ic of B ; that is, C O(j'i-é = c‘n‘,"u (c8™™) Bo('d*i « Then
ch, (AB"L) < ch (a5~
1 S By
xAx
= X Ex
x! o(h =0

i
B
o]

x”c(h =0

hzl, esey J"'k"z

x"Ax-} x!'Cx
max [x“Cx 'i max [xua:x]

x“o(h=0 x"°(h=0

IA

h:l, ocn,J+k—2 hal, u"’J+k-2

x'Ax . x!'Cx
s max [x'Cx] max ljx'Bx:]
x”O(h =0 x"o(h = C

h = ll voey j“'l h = j’ veey J+k'2
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= o, (™) on (c5h) .
To derive (2.5) , we replace A by A in (2.4) to get
oh, (-AB"1) < ch, (-ac"1) en, (cB"D) (2.6)
for J+kgi+1l, bote that for any symmetric matrix T of order p
chy (T} =aceh (T, Q=1 ...,p), (2.7)

Now (2.5) follows from (2.6) with usa of the relation (2.7) .

Corollaxy 2,2,1 If A iz 8 symetric matrix of oxder p, apd B is
& positive definite matiix of order p, then forany i (1<1i<p)

oh, (B) oh; (A) < ch, (AB) < cn, (A) chy (B) , (2.8)

and furthermore, if A iz positive definite , then

2 2
ohy (AB) < ch, (&) ch, (B) < 0y (AB) (2.9)
mwam - 0P g

Propf. Ifwewrite C=T and replace B ty F' in Theorem 2.2,
we obtain
ohy (AB) < chy (A) o (B) (2.10)



ohy g4y (AB) 2B 40 (A) ch ., (B) (2.11)

for j+k<i+1, By letting J =31 in (2.10), replacing p =21 +1
and p-J+1 by 1 in (2.11), and letting k=1 4in both , we
obtain (2.8) , When A 1is also positive definite , then interchanging
A and B in {2.8) , we obtain

oh, (A) ek (B) < chy (4B) £ chy (B) ohy (A) . (2.12)
Now (2,9) followe from (2.8) and (2.12) .
From Corollary 2.2,1 , we obtain
chp (1) chp (B) < °hi (AB) < ehl (A) ohy (B)

(L£12<p). This result was obtained previously by Roy (195%) .

Corollary 2.2.2 lot A be a symmetric metrixof omjer » . Them
ch, (A) (1<1<p) is not less than the minimwum charscteristic root
of any principal minor of A of onder 1.

Ereof, It will bs emough to show that ch, (A) is at lemst equal to

the minimnm charscteristic root of Ai’ where A,_ 1s the submatrix

formed by the first 1 rows and colusms of A, Let D be a diagomal

matrix with diagonal elements dl’ eres dp such that djtl for J<1i,



dj<1 for jJ>4i ., Then from (2.8)

ch, (DAD) = oh, (%) < ohy (D?) oh, (A) = oh, (A) .

Thus
ch, (A) 2 Mm ck, (DAD) ,
d‘1 —3 0 {J > 1)

Now

6 | o

lin (DAD) = {ﬁ-l—-o-} ’

d

J—-—>o(,1>1)

vhere the matrix is partiticned into 1 and p«i rows and columns .

Hence
ch, (A) 2 lin ch, (DAD)
d J---—4» 0(j>4)
= ch, (&) =minch (4).
Theorem 2,3 let A apnd B be two symmetric matrices of cxder p .

Then for any 1 (1 <i<p)

chy, (A+B) < ch, (A) + ch (B) (2.13)



chp_i+1 (A+B) > chp_jﬂ (A) + th-k_"l (B)

for J+ksi+l,

Broof, let X;, sosy o(j_l be the charzeteristic vectors of A

corresponding to the Jjel1 lavgest roots, and Hyr voes Kypep

the characteristic vectors of B corresponding to the kel largest

be

roots . Then

ch, (A+B) < ch JHcal (A+B)
< masx x’gA-:-B) X
- xix
x'o(h = 0

h= 1, *00 9 j +k"2

1 lB‘
< max[-—r—; :"] + max [l—x,x ]
x? o(h =0 x? o(h = 0
h = 1, [ XXX j'l"k-Z h = 1’ seey j‘*‘k-2
]

< naz[—r—-:'ix] + max [—;—-: 2{]
x’o(h =0 x! o(h = Q

h = 1’ C.ﬂ’ 3‘1 h = J’ 00.. Jﬂkz

= c:-h‘1 (A) + chy, (B) .

(Zn 1’*)
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The inequality (2.14) 1s obtained from (2,13) by replacing A and
B by -~A and - B, respestively .

It follows from Theorem 2.3 that, Af Cw=A 4is a positive semi-definite
matrix of order p, then ch, (C) 2ch, (A), 1 =1, ,,., p [as given
by Courent and Hilbert (1953, p. 33)] .

If A and B have soms common chapacteristle vectors, thea ths
bounds for cbi (AB) s&nd ch’p-.i+l (AB) in (2,10) ond (2,11) sand
the bounds for ch, (A+B) and eh .., (A+B) in (2,13) aud (2.24),
respectively, can be improved. In particular, if A and B have the
same characteristic vectors, then ch, (AB) = ch, (a) ohy (B) ,
eh, (A7) = ch, (A) + ch, (B) . A condition for this is AB = BA ,
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